Abstract. The theoretical expressions of two-frequency coherence of the MST radar returns from an atmospheric thin layer with sharp boundaries, which embeds within the radar volume and cannot be resolved by conventional radar techniques, are derived in this article. It shows that the derived frequency domain interferometry (FDI) coherence is not only the function of layer thickness and the components of radar wave vector, but also related to the wavenumber power spectrum of refractivity irregularities. A quantitative examination of the derived FDI coherence indicates that the effect of the irregularity power spectrum on FDI coherence is negligible for power law spectral model, while it cannot be ignored for other spectral forms, for example, a Gaussian model. The zenith angle dependence of FDI coherence is also investigated in this article. According to the observations made with Chung-Li VHF radar, it shows that the ratio of the observed FDI coherence at the vertical to that at 17 ø off-zenith angle is between 1.3 and 2.4. This feature can be illustrated satisfactorily by using the theory developed in this article. The effect of echoing mechanism on FDI coherence is also studied, showing that the expression of FDI coherence derived from the turbulent scattering theory can be treated to be identical to tfiat from the Fresnel reflection theory as long as the condition A k/k << 1 is met. This result implies that it seems to be impossible to identify the echoing mechanism of MST radar by using FDI technique. The problem of estimating the thickness of a thin layer having sharp boundaries by ß 2 2 using a Gaussian function with the expression of exp (-Ak •r; ) is also discussed. It suggests that the pertinent formula used for layer thickness estimate is L = 2.364•r r. A comparison of this work with other results is also made in the text.
Introduction
It is well known that operating at one carrier frequency with a monostatic pulse radar makes it impossible to resolve an isolated, thin atmospheric turbulent layer which embeds within the scattering volume defined by the pulse length. However, the advent of the frequency domain interferometry (FDI) technique, first developed by Kudeki and Stitt [1987] , provides us with the ability to detect such a thin layer by sending two closely spaced frequencies. With this technique, the thickness and the position of the thin layer can be estimated, respectively, from the magnitude (i.e., coherence) and phase of the normalized complex cross-correCopyright 1995 by the American Geophysical Union.
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lation function calculated from the two radar returns with slightly different operating frequencies. In view of its high potential in the observation of the atmospheric thin layer, the FDI technique has been employed successfully by many investigators on various MST radar to study the mesospheric, stratospheric, and tropospheric turbulent layer $titt, 1987, 1990 In deriving FDI equations for the estimate of the thickness and position of an atmospheric thin layer, the proper assumptions have to be made to obtain the analytical expression. Obviously, the assumption changes will result in different expressions of the FDI equation, implying that the suitability of a theoretical FDI equation is restricted by the conditions imposed in the derivation of theoretical equation. An examination of the existing FDI theories [Franke, 1990; Stitt, 1987, 1990] shows that a modeled turbulent layer weighted by a Gaussian function of the form exp [-(r -ro)2/2•r2], where ro is the height to the center of scattering layer and 2o-is defined as the layer thickness, is employed in deriving the normalized two-frequency cross-correlation function of the radar scattering fields. Strictly speaking, the FDI formula derived on the basis of the assumption of Gaussian model layer can be only used to estimate the thickness and position of a Gaussian layer. The error will be induced as such FDI formula is used to estimate a non-Gaussian turbulent layer, for example, uniform turbulent layer with sharp boundaries. In fact, abundant evidences of a turbulent layer with sharp boundaries existing both in atmosphere and in deep ocean have already been shown by many investigators [Crain, 1955; Ottersten, 1969; Stewart, 1969 ; Barat, 1982; Gossard and Strauch, 1983; Gossard, 1990] . If the estimation error is significantly large, the development of a more proper FDI equation for a sharp-edged layer is necessary. Furthermore, in developing the existing FDI theory, the contribution due to the wavenumber power spectrum of the refractive index inhomogeneities to the normalized two-frequency cross-correlation function with closed frequency spacing is thought to be negligible, without providing any quantitative evidence. Although this speculation may be true for some forms of irregularity power spectrum, it may be incorrect for other specific spectral model. In order to access the role of irregularity power spectrum in the twofrequency coherence, the quantitative examination for the cases of various irregularity wavenumber power spectrum models is needed. Recently, the result of an oblique FDI experiment conducted by Palmer et al. [1992] provides an observational evidence showing a close connection between coherence and aspect sensitivity due to the anisotropy of refractivity irregularities. This feature can not be explained satisfactorily by using current FDI theory. In addition, in view of the fact that the echoing mechanisms involved in the MST radar returns are basically turbulent scattering and Fresnel reflection, the question arises as to whether the existing FDI formula based on the turbulent scattering theory is valid in the estimate of the thickness and position of a partially reflecting layer with transverse coherent structure characterized by a sharp vertical refractive index gradient. Because the governing equations are different, it seems intuitively that the FDI formula suitable for turbulent layer will be different from that for the partially reflecting layer. To clarify this question, a more extensive investigation on the theoretical FDI analysis is necessary. This paper is an attempt to answer the questions addressed above from observational and theoretical points of view. Because the absolute position of the atmospheric layer can not be determined by using the observed phase difference of two operating frequencies unless the radar phase has been calibrated precisely, only the magnitude of normalized two-frequency cross-correlation function (i.e., FDI coherence) will be emphasized in this article. In section 2, by including the effect of irregularity power spectrum, an analytical expression for the normalized two-frequency cross-correlation function between radar returns generated from a turbulent layer having sharp boundaries is derived. Additionally, on the basis of theoretical expression of the Fresnel reflection coefficient, the FDI coherence for a partially reflecting layer is also evaluated in this section. The contribution of the irregularity power spectrum to FDI coherence is examined in section 3 by substituting various forms of irregularity power spectrum into the derived FDI equations. It shows that for the power law spectral model the effect of irregularity power spectrum can be ignored, while for other spectral forms, for example, the Gaussian spectral model, it can not be neglected. The discussions on the zenith angle dependence of FDI coherence is made in section 4. It shows that the observed vertical FDI coherence is systematically larger than the oblique one, and this feature can be accounted for by using the theory developed in this article. In section 5, the effect of echoing mechanism on FDI coherence is investigated. Comparing the analytical expression of the FDI coherence for a turbulent layer with that for a spectral layer shows that the difference between these two FDI coherences is negligibly small, implying that it seems to be unlikely to discriminate the echoing mechanism from FDI experiment. In section 6, the estimation of thickness of a thin layer with sharp edges is studied. Finally, the comparison of this work with other results is made in section 7. The conclusion is given in section 8.
Normalized Two-Frequency CrossCorrelation Function
In this section, the analytical expressions of the normalized two-frequency cross-correlation function of the MST radar returns from a thin atmospheric turbulent layer and a partially reflecting layer are derived. For mathematical simplicity, the following assumptions are made in the mathematical manipulation: (1) the range weighting function is taken to be rectangular, (2) a narrow antenna beam with uniform distribution is considered, (3) the refractivity irregularities responsible for the radar returns are distributed uniformly in the illuminating volume, and (4) 
Equation (7) shows that by considedng the finite integration in performing mathematical manipulation, the norm•ized two-frequency cross-co.elation for the radar returns from a uniform turbulent layer with sha• edges is not only the function of the dimension of scattering volume defined by radar beam width and layer thickness but also related to the components of wavenumber spacing in accordance with the sinc function. These theoretical results predict that FDI coherence as a function of layer thickness will vary with the zenith angle of radar beam, and the phase of the normalized crosscorrelation function is not affected by the form of the refractive index spectrum. In addition, from (7) it is also indicated that the magnitude of S12 is associated with a three-dimensional wavenumber power spectrum of the refractive index inhomogeneities, contradicting the predictions achieved by earlier investigators [Kudeki and Stitt, 1987; Franke, 1990 ]. This result indicates that the effect of reftactivity irregularities plays a role on FDI coherence, implying that the layer thickness estimated by using existing FDI equations may be inaccurate. Detailed discussions on the characteristics of (7) will be made in section 3.
Case for Fresnel Reflection
It is obvious that an EM wave will be partially reflected if it is incident normally to an atmospheric stable layer with a substantial gradient of refractive index cross the layer. If this layer is horizontally stratified, it can be shown that the theoretical partial reflection coefficient p of a vertically incident EM wave can be formulated as follows: P --• L/2 dz e-i2kz dz (8) where the origin point is set at the center of the layer, L is the thickness of the stable layer, k(= 2•r/A) is the wavenumber of the incident EM wave, and dn/dz is the gradient of refractive index of the layer. We note from (8) that the magnitude of the partial reflection coefficient as the function of the incident wave frequency is determined by the Fourier component of dn/dz at the spatial scale of A/2. Because the Fresnel reflection echo strength is proportional to p, it is apparent that the FDI coherence of the Fresnel reflection echoes will be proportional to that of reflection coefficient. Accordingly, for two EM waves with slightly different frequencies reflecting from a stable layer, the cross- ing section, the effect of refractivity inhomogeneities on FDI coherence will be investigated quantitatively.
Effect of Wavenumber Power

Spectrum of Irregularities
In the preceding section, by carrying out the finite integration, we have derived the analytical expressions of the FDI coherence for the radar returns from a turbulent layer and partially reflecting layer, showing a close connection between the FDI coherence and wavenumber power spectrum of refractive index fluctuations. In order to investigate the effect of refractivity irregularities on the FDI coherence, the relevant wavenumber power spectral model has to be given in (7). Assuming that the theoretical wavenumber power spectrum of anisotropic irregularities is followed, the power law form, that is, However, the irregularity effect may not be ignored for other spectral models, for example, the Gaussian type. It is conclusive from these results that because the effect of refractivity irregularities on the magnitude of S •2 cannot be ignored for a certain spectral form, the interpretation of the observed FDI coherence must be treated with some caution.
Zenith Angle Dependence of FDI Coherence
It is obvious from (16) and (19) that the theoretical FDI coherence is the function of the components of the EM wave vector and the anisotropy of irregularities, implying the possible dependence of FDI coherence on zenith angle. By including the contribution due to irregularity power spectrum, 
Effect of Echoing Mechanism
In section 2 the theoretical FDI coherences for the echoing mechanisms of turbulent scattering and Fresnel reflection are derived. In order to examine quantitatively the extent of the effect of the echoing mechanism on the magnitude of the FDI coherence has, we assume that the propagation of the EM wave is in the z direction for the comparison of (7) with (13). In this special case the components of the wavenumbers in the x and y directions will be both zero, that is, kx = ky = 0, and (7) 
Estimation of Layer Thickness
In section 4, with the help of theoretical curves, the layer thickness with large aspect sensitivity can be determined from the observed FDI coherence at different zenith angle. In this section the thickness of a layer with sharp boundaries estimated by using a Gaussian function is discussed. According to the earlier investigations, an exponential decrease of coherence with the square of wavenumber spacing A k and layer thickness L is predicted under the conditions in which the infinite integration is carried out and a Gaussian layer structure is assumed. In this article, by considering an atmospheric layer with distinct edges, the theoretical FDI coherence is obtained. It shows that a factor sinc (AkL) can always be found in the theoretical expressions of 
Comparison of Other Results
By considering the Gaussian probability distribution of the scatterers in an isolated layer, Kudeki and Stitt [1987] , through their pioneering work on FDI theory, proposed a set of simple equations to estimate position and thickness of the layer. If an isolated layer with distinct edges is dealt with, and the probability distribution function p(r) of the scatterers in this layer is assumed to be uniform, namely, 
where the signal power has been assumed to be much greater than the noise power and the value of N/S is negligible. Once oq is calculated from given Ak and observed Is a21 in accordance with (28), the layer thickness can then be determined in terms of oq. By doing so, the thickness of a layer weighted by the Gaussian function is 2oq, however, the more pertinent formula for the estimation of the thickness of a layer having sharp edges will be 2.364oq, as mentioned in the section 6.
Concluding Remarks
The analytical expressions of the normalized twofrequency cross correlation for the thin layer with sharp boundaries are derived in this article. It shows that the theoretical FDI coherences, as the function of the components of EM wave vector and the layer thickness following the sinc function, are related to the wavenumber power spectrum of the reftactivity irregularities. In order to examine the extent of the effect of the irregularity power spectrum on the coherence, two spectral models, namely, Gaussian and power law, are employed. As a result of calculation, it is indicated that under the condition of A k/kl << 1 the contribution of the wavenumber power spectrum of irregularities with the power law form can be reasonably ignored. However, for the other kind of spectral form, such as the Gaussian type, the effect of irregularity 
